We study the behaviour of isocurvature perturbations in non-linear sigma models which naturally emerge in supergravity and string inflationary scenarios. We focus on the case of negatively curved field manifolds which can potentially lead to a geometrical destabilisation of isocurvature modes. We find however that heavy fields are stable when their effective mass is computed on the attractor background solution. On the other hand, we show that ultra-light fields can potentially suffer from a geometrical instability when the background trajectory is a geodesic in field space. In this case a full understanding of the system is likely to require the use of non-perturbative methods.
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I. INTRODUCTION
Many inflationary scenarios beyond the SM feature non-linear sigma models characterised by multiple scalar fields and a curved field manifold. In particular, these arise naturally within the framework of supergravity and string compactifications. In a multi-field set-up, there are several spectator fields which can be either heavy, i.e. m h H, or light, i.e. m l H. When the field manifold is negatively curved, the effective mass of these isocurvature modes receives negative contributions which can potentially induce a geometrical instability by making them tachyonic [1] . In this paper we show however in Sec. II that heavy modes are stable when the system evolves along the attractor background trajectory. In Sec. III we instead point out that a potential geometrical instability arises generically for ultra-light fields, i.e. m l → 0, when the background trajectory is geodesic. In this case a full understanding of the inflationary dynamics requires going beyond perturbation theory.
II. GEOMETRICAL STABILITY FOR HEAVY FIELDS
The Lagrangian of a generic non-linear sigma model is:
where G ij (φ i ) denotes the field space metric. In such multi-field models the background trajectory defines a projection for the gauge invariant perturbations into a tangent component, the curvature perturbations, and an orthogonal component, the isocurvature perturbations. The inflationary dynamics of these models has been intensively studied over the last two decades and it has been shown to be significantly richer than that of singlefield models while still being compatible with observational constraints. In this paper we are interested in the super-horizon behaviour of the isocurvature perturbations which is determined by their effective mass (set-
where T i and N i are the unit vectors along the tangent and normal directions, R denotes the field space Ricci scalar and η ⊥ = N i V i /(H|φ|) measures the turning rate of the trajectory of the homogeneous background fields for which |φ| = G ijφiφj .
It has been observed that m 2 eff can potentially become negative if R < 0 and η ⊥ = 0 [1, 5] eff . This could trigger an instability characterised by a super-horizon growth of the isocurvature perturbations which signals a breakdown of perturbation theory and a potential premature end of inflation [1] . Let us point out that negatively curved field manifolds arise naturally in supergravity. In fact, the simple Kähler potential K = −3 ln(T +T ) for the complex volume modulus T gives R = −8/3. However the reference scale of supergravity is the Planck mass, and so M 1. This implies that during inflation generically |R|H 2 H 2 , resulting in an absence of any geometric instability.
In what follows we shall however show that, even if |R| 1, m 2 eff is negative only if it is computed on a repulsive trajectory, while the isocurvature modes are stable if the system evolves along the attractor trajectory. Thus the physical interpretation of m 2 eff < 0 is not that quantum fluctuations grow beyond the regime of validity of perturbation theory but that the classical field trajectory is unstable under perturbations of the initial conditions.
To analyse the model we focus on the case where:
Notice that we made this choice following [1] since it allows to have simple analytic formulae but a geometrical instability can arise also for more generic cases with nondiagonal metric and non-sum-separable potential. It can be shown that the corresponding curvature scalar can be arXiv:1807.03818v1 [hep-th] 10 Jul 2018
negative since it takes the form:
The equations of motion from (1) and (3) for φ i = φ i (t) in an expanding Universe with |g| = a 3 read:
where the conjugate momenta are:
The background dynamics of the system is determined by (5), (6) and the Friedmann equation:
A. Canonical heavy field
We first consider the case where the heavy field has canonical kinetic terms, and so identify φ 1 with the heavy scalar and φ 2 with the inflaton. We see from (5) that the equation for φ 1 admits a slow-roll solution with [6] :
which implies that π 1 is an approximately conserved quantity. Given that during inflation a ∝ e Ht , (6) then givesφ 1 → 0. In this solution the heavy field does not sit at the minimum of its potential but it is displaced from it by the inflaton's kinetic energy. Hence the motion is non-geodesic since:
leading to an isocurvature mass:
Using (8), we can further simplify m 2 eff and show that on this generic solution it is strictly positive:
even if the Ricci scalar is negative. This signals that the background trajectory is stable, regardless of the functional form of the kinetic coupling f 2 (φ 1 ). Notice however that, in particular cases where V 1 = 0 and f f 1 = 0 have a common root, (8) could also be exactly satisfied with the heavy field sitting at the bottom of its potential. In this case η ⊥ = 0, and so the effective mass (10) reduces to:
If 0 < f f 11 (or f 11 f < 0), this effective mass can become negative in regimes where the field space curvature contribution dominates [1, 5] .
However we will now show that this unusual behaviour is merely a consequence of doing cosmological perturbation theory on a repulsive background trajectory since the trivial solution is unstable under perturbations of the initial conditions:
where the mass parameter µ is defined as:
By definition ofφ 1 , the l.h.s. of (14) vanishes, and so the perturbation to the background trajectory δ obeys:
Evaluating (15) on the trivial solution f f 1φ 2 2 = V 1 = 0 with η ⊥ = 0, we find:
indicating that the super-horizon growth of the isocurvature perturbations for m 2 eff < 0 is just an artifact of doing perturbation theory on an unstable background with µ 2 < 0. This is not a surprise since δ can be seen as a long wavelength isocurvature perturbation. This means that the trivial solution is not an attractor for the inflationary dynamics, and so the system will reach it only if the initial conditions are finely tuned such that at t = 0:
However, from a multi-field point of view, the evolution of the system will proceed initially along the steepest directions of the potential without leading to the initial conditions (18). Hence, in general, the system will evolve along the generic solution (8) which gives µ = 0, indicating that perturbations get exponentially damped and this non-trivial background is indeed an attractor of the inflationary dynamics. We illustrate this point in Figs. 1 and 2 which show the dynamics for the minimal geometry of [1] :
supplemented for simplicity by a double quadratic potential:
Given the analytic arguments presented above, the qualitative features of this two-field system do not depend on this particular choice. In fact, similar results can be found with different potentials like that of [1] . In this minimal geometry:
where in the last step we took φ 1 /M 1. By tuning the mass scale M small, one can enhance the effects of the field space curvature and trigger the instability as formulated in [1] . For numerical purposes we have chosen {m 1 , m 2 , M } = {1, 10, 0.05}. In Fig. 1 we show the evolution of m To highlight the effects of perturbations to the initial conditions (18), we plot in Fig. 2 (a subspace of) the phase space of the non-linear sigma model. It is clear that even very small perturbations of (18) take the trajectory away from the trivial solution and into the inflationary attractor, confirming the analytical result of (17).
B. Canonical inflaton
We now identify the canonical field φ 1 with the inflaton and investigate if an instability can arise. The equation for the heavy field φ 2 in (5) is solved by V 2 0 which from (6) implies that π 2 = 0 is approximately constant withφ 2 → 0 if f does not increase exponentially during inflation. The momentum π 2 becomes exactly constant for:
implying that on this trivial solution we have:
Notice that this solution does not constrain f 1 , unlike in the case analysed in Sec. II A. One can then show that (22) yields η ⊥ = 0 and an effective mass of the form:
Using the slow-roll approximation, the contribution to this effective mass coming from the field space Christoffel symbols can be rewritten as:
where N = ln a denotes the number of e-foldings. Defining g(N ) ≡ d ln f dN one can integrate to find:
The isocurvature effective mass (24) can then be rewritten in terms of the function g(N ) as:
which shows that an instability would be present if:
The sign of g(N ) is crucial for determining the behaviour of the system. For g > 0, f grows during inflation and m 2 eff < 0 coincides with the mass of φ 2 becoming subHubble, in contradiction with our assumption that φ 2 is a heavy field which corresponds to the first inequality in (28). In this case one should not talk about an instability since the system becomes effectively a two-field model which would require a different analysis. Conversely, if g < 0, the contribution to m 2 eff coming from the mass of φ 2 increases and prevents the instability from ever taking hold. Thus we conclude that the case with a canonical inflaton does not feature any geometrical instability.
III. AN INSTABILITY FOR ULTRA-LIGHT FIELDS?
In Sec. II we have shown that heavy fields with m h H do not suffer from any geometrical destabilisation when the effective mass of the isocurvature perturbations is computed on the attractor background solution. In this section, we shall however point out that the case of ultra-light fields with m l → 0 is potentially dangerous since isocurvature fluctuations can become tachyonic when the background trajectory is geodesic. We shall again study separately the two cases where the canonical field is either the ultra-light mode or the inflaton. which can prevent the instability. Notice that, wheṅ φ 2 (0) = 0, the system can be studied by integrating ouṫ φ 2 and rewriting the first equation in (5) as:
with a time-dependent effective potential, extending the definition given in [10] to
IV. DISCUSSION
In this paper we have studied the geometrical (in)stability in models of inflation where the field space has negative scalar curvature. These models arise naturally in the context of supergravity and string theory. We have shown that there is no instability for heavy non-inflationary scalars and that the isocurvature modes are tachyonic only in a spurious, non-attractive solution to the background dynamics. Instead we have shown that the instability can be present for massless spectator fields kinetically coupled to the inflaton. When present, this instability should make one reconsider the validity of whatever inflationary model leading to it. The simplest possibility is that perturbation theory remains valid throughout the evolution and the growth of the isocurvature perturbations leads to a tension with current observational bounds on the isocurvature fraction [11] . One can also envisage a more extreme situation where the growth of the isocurvature perturbations pushes the system beyond the perturbative regime. Should this happen, one would need to resort to more sophisticated approaches where the back-reaction of the perturbations on the background can be incorporated in a consistent fashion, like the stochastic inflation formalism or numerical relativity (for a similar approach during reheating see [12] ). We finally mention that the geometrical instability for ultra-light fields with geodesic background trajectory could be avoided by including corrections which give a non-zero mass to the massless modes. However this is not guaranteed to be a successful solution in cases where the geometrical instability can be avoided only if these new mass terms are as large as the inflaton potential since they would severely affect the inflationary dynamics.
